Comes from various works from G. Allaire, me, A. Garroni, C. Larsen, J.-J. Marigo
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1/ Brutal damage — a mechanical model — 1

Quasi-static evolution Rate independence
no kinetic energy no viscous type behavior

Energy density:

W(eld)
kinematic variable: internal variable:
e(u) =e=1/2(Du+ DuT) d
u:QCR 5 R3

+ loads:

f(t): volume or surface forces  g(t): imposed displacements
Principles:

instantaneous equilibrium: positivity of dissipation :

—divD.W(e(u)(t), d(t)) = f(t) —DgW (e(u)(t), d(t))€dD(d(t))
u(t) = g(t) on 0Q D convex, > 0,D(0) =0



2/ Brutal damage — a mechanical model — 2

e Assumptions:

» onD: de|0,1] » on W:
D W(eld) :=1A(d)ee
A(d) N\, with d
- ’\/k . lisotropy:
X A(d) = A\d)i @i+ 2u(d)!

( —div(A(d(D)e(u)()) = F(t)

u(t) =0 on 0Q

—1/2A°(d(1))e(u)(t) - e(u)(t) < k
—1/2A(d(t))e(u)(t) - e(u)(t) = k, if d(t) >0

d(t)



3/ Brutal damage and rate independence — 1

Unilateral Stationarity of:
% fQ A(n)e(v)- e(v)dx

— div(...) = f(t) N — Jo f(t) - vdx
e u(t)=0o0n0Q + Jo D(n — d(t))dx

—1/2A'(d(t))e(u)(t) - e(u)(t) < k v =0o0n 0Q
e d(t) = 0 if strict ineq. <> Energy Balance

with

/f u(t)dx
E(t) = 1/2/9A(d(t))e(u)(t) - e(u)(t)dx

_/Qf(t).u(t)dx+ k/ot/ﬂc'l(s)dxds

In what follows d = x € {0,1},
A(X)i = XAw + (1 = X)As, Ay < As, and x(0) = 0.



4/ Brutal damage and rate independence — 2

e First departure: replace Stationarity by Global Minimality
e Initial time step: u°, x° minimizes

;/Q {(XAw + (1 = X)As)e(v) - €(v) — Oy + kx} dx

wo | get rid of x
u© minimizer of
fQ(WO(e(u)) — 0. u)dx

\ // g

W where
T WOe) = minyeqo {5 (xAwe + (1= X)Ase) + kx}
or still WO(e) = min{3Ase - + k, 3Ane - ¢}

No minimizers! = Relaxation through quasiconvexification
u® minimizes [ {QW°(e(u)) — - u} dx
where
QW?O(g) := min {/Y WO(e 4+ e(p)) dy : ¢ € H;E(Y;R3)}

periodic instead of 1 H}



5/ Relaxation first time step — 1

e General homogenization formula for two-phase periodic mixtures:

AOE.5:fY(XBJr(l—X)C)(5+€(W5))'{ (Z fre(wa)) W

with w. periodic solution of div A(y)(e(w:) + &) = 0 with 0-mean.
e Define for any 6 € [0,1] and any B, C:
Gy(B; C) = set of (periodic) homogenized tensors asstd. with
Jyx(y)dy =6
(Also define G(B; C) = Up{Gyp(B; C)})
¢

QWO(2) := minoy<1 { min g, a,a) [3A% -€] + K0}

e How does one compute QW?0°?
Problem: Gy(Aw; As) is unknown as of yet!!!
e Only need to compute Gy(Aw; As)e - €.

The minimum inside the brackets is attained for a finite rank
[aminate. Indeed,......



6/ Energy bounds — 1 — Lamination

o Assume x(y) = x(y - &) with [, x(y)dy = 0: then
(1—0)(AP™ — A,)7L = (As — An) L +0G(&), where

G(&)e = Le€ @& — (e - )EOE.
Proof: Seek e(w.) =ewx +es(1 —X), €w,Es constant.
oewX +es(l—x)sym. grad. = ¢, —es =7 ©& for some T
o A(y)(e + €(we)) = Awl(e + ew)x + As(e + €5)(1 — x) has 0 div.
= [Aw(etew) —As(e+e5)]E =0 =

[(As — Aw)(e + €5)I€ = pwT + (Aw + pw)(7 - §)€

o Set hi= (As—Aw)(e +&5) = 7 = L he — rthoe (he - €)¢

— TOE= RO N (e o

A beu (1= 9= 0= o =07 0 ¢*E e = (A A,) T Horoe
Alame = 9A, (e + &) + (1 — 0)As(e + ¢5)

(APT_A, e = 0A, (e+ew H1—0)As(c+es)-Aw(e+0c,,+(1—0)es)
= (1-0)(As — Aw)(e +&5) = (1= 0)h
= = (1-0)(AP"—A,) thalso = (As—A,) th+070E.

\/v



7/ Energy bounds — 2 — Lamination

e Formula iterates (finite rank laminates):
(1 o H)(A/am o AW)71 _

_ -1 P m.Gle: m; > 0
(As — Aw) -+ 6> 1 miG(e), { S = 1.
e In general any finite rank laminate is given by
(L—0)(AP™ — A,)7t = (As — Aw) "t +0 [su_1 G(e)dv(e), with v
probability measure on the sphere ( since extreme points of the set
of such measures are Dirac masses).

e Multi-ranks (> 1) laminates are not periodic! A subtle point....



8/ Energy bounds — 3 — Hashin-Shtrikman bounds

e Thm: Any A% in Gy(Aw; As) is such that there exist two finite
rank laminates A~ and AT with
A= < AV < AT,

Proof: Al - e =
inf{ [y (1=X)(As—Aw)(e + €(v))-(c + €(v))dy+ [, Awidemdy: ve H .}
= infy {sup, { [y (1-x)(21 (e +-€(v)) — (As—Aw) " '1-n)dy +idem } >

same with constant 1 =
sup{Awe-e+(1—0)[2n-c— (As—Aw) 11 -17]

+inf{ / we(v —2xn- e(v))dy}}

e the inf. in v is computed with Fourier series...... ==
A% . e > sup {AW5~5+(1—0)[277~5—(A —A )_177-77]

ncst.
— > IRl 6(
>l 1}
Zk;ﬁo Wk|2 = fy(X - 9)2dy =0(1-10)



9/ Energy bounds — 4 — Hashin-Shtrikman bounds — part Il
Set v := 1 a(1-0) Zk;,go |Xk| 6%

Ale.e> Aye- e+

(1—9)sup[277'5—<(A —Aw 1+9/ )77 77}
ncst. SN-1
= (1-6)(AP™ — A,)~! for some laminate
Thus: Al .e > Alme . ¢ O
I
MiN A0 G, (An:AS) [3A% -] = Awe-e+(1—0) min, {sup,, ....}
1 4
min  [zA% -¢] = in 2d

AOGE(}(AV\/;AS)
Aye -+ (1—0)sup[2n-c — (As—An) " 'n-n—0 max G(e)n-1)
n eeSN-1

N1 —17 2 n1+7 2
= Ane-e+(1-0) sup { (71£1+77252)— (=) (1m +772)

T2
0

4(Ks—Kw)  4ps—pw)
Aw w
7/17 Or%‘]yagl (U%V + 7]%(1 — I/) — M(Ulh =+ (1 — [/),/2) ) :|



10/ Relaxation first time step — 2 — 2d case

e We have to compute minAerG(Aw;As)[%AOE - €] using the previous
expression.
Not a simple task.
e Explicit result is unimportant: There are three regimes
o regime 1: (Ks—Ky)(Ops+(1—0)pw)|tr e| <
(s — i ) (OKs+(1—0) K, )V2||eq|| = rank-one layering
© regime 2:
0(Ks— Ky )[tr &] > (pw + 0Ks + (1 — 0)K,,)V2||leq]] = rank-one
layering
© regime 3: the rest = rank-2

layering ‘ ‘ Qiii®
Still have to minimize in 0, so ‘

as to obtain QW?0(e)!

In the end: we get a pair

(0°(2), A%(£)) with Ry

QWYO(e) = 1/2A%(e)e-e+kbo(e) I




11/ Relaxation next time steps t, 0 =tf < ... < t,’(’(n) =T

e Say we perform time stepping. At time step 1, it seems that we
should impose 61 > 6y. Bad:

At next time step mix weak
0 STEP 1 material with result of previous
XX step, paying at maximum in
STEP 0 terms of dissipated energy the
vol. frac. of remaining strong
material at previous step

at time ¢t with | ©7 ; v.f. strong mat. at ¢ ;
W(tr,e) = min {1Aye-c+ k07 | 1AP o.¢)
I
QW(t{’,s) = ming<p<1 [minAegg(Aw,Alle){%Ae-f} + k@;’_le}



12/ Relaxation next time steps t”, 0 = tj < ... < t/?( )= T-2

e u” minimizer for /(t")=min, { [, QW(t7, e(v))dx— [ £ - vdx}
e 97 and A" measurable minimizers for QW (t/, e(u?))
o Set:

v.f. strong mat.: ©7:= 07 ;(1-0"), ©°, :=1

— 9,5’::1—@@,%1
|3
QW(t], e(u ")):lA'-’( 7) - e(uf) + k(O] — OF)
fQ{ZA” ul") )dx+k(@,"1—@”}dx—fﬂf” udx

e Note that u{ minimizes in particular

1
—Ale(v) - e(v)dx — / - vdx
2 Q



13/ Properties of the discrete time evolution
e Monotonicity: A7 \,i
® Geclosure: A7 /(x) € Gon, +(1-07,,)61,,_,) (o Aws A1 2)=
G e, 1 (A )
i+l w I+/ 2
[

@n

4
Al(x) € G1 [e'? (Aw, A7), j>i

[#e
e Lower bound total energy:
T = %fQ Ale(ul).e(u) dx — [ £ - ul'dx + k [o(1—©OF) dx =
I(t7) + k [o(1 —©7_;) dx

TP = T+ Jol ) = 17) - updx 2 0
e Continuity Estimate:
o = g < € {167 = £l sgaiem + 1] = Ol

o Upper bound total energy:
—fgéA” (uf) ( " dx—fgf”-uf’dx+kf9 1 07) dx <

> = 1fotn X ' (dodx, if eg. e WLL(0, T; L2(Q;RN))



14/ Time interpolation

e Define the piecewise constant in time interpolants of all
quantities on [t t):

un(1), AT(t) N, ©7(1) N, £7(8), 1(t), TN(1)

e H-convergence (Murat-Tartar):

The following compactness thm. is at the root of H-convergence:




15/ Time interpolation — 2
Assume A, =t —t" ; 0

e Then, in particular 3{k(n)}, such that

AR () LA, ©M(1) = (t),  A(t,x) € G1_o(e(Aws As)
Proof: metrizable char. H-conv. + G-closure prop. +Thm.
Mainik-Mielke:

1
e The associated u*(") satisfies u*(")(t) o u(t) with
u(t) minimizes 3 [ A(t)e(v) - e(v) — [o F(t) - vdx
cont-gst: lu(t)|| g < C, provided e.g. f € WE(0, T; L2(Q; RV))



16/ Minimality in the limit

0 € [°(; [0, 1]) .
. Take{ A(X) € Gypy(Aw, A(t, %)), ae. inQ oY =
LOO
3Ixp char. fct. with { Xp =0 Y
XpAw + (1 — xp)A(t) = A, p /00

| locality
H
XpAw+(1=Xp)A"(t) € Gion()(1—xp)+xpl (Aws A(E=L0)) = XpAw+ (1= xp)A(Y)
forgetting the x-dependence 1 with 07(t) := %

e Then: [o5 LAn(t)e(u(t)) - e(u™(t)) dx — Jo £7(t) - u™(t)dx+

k [o(©"(t=A,)-0"(t))dx < [QW"(t, e(v)) ) dx—[q " (¢ Fvidx <
Ja 3(xpAw + (1 =xp)A"(t)e(v))) - e(v)) dx — fo £(t) - v)dx

+k Jo ©"(t = An)(0"(£)(1 = Xp) + Xp) dx

= Jo 300pAw + (1= xp)A"(t))e(v)) - e(v)) dx — [ £(t) - v]dx
+k [o[©"(t — Ap) — ©"(1))(1 — xp) + ©"(t — Ap)xp) dx.



17/ Minimality in the limit — 2
e Choose v, minimizer of
Jo %(XPAW +(1—xp)A"(t))e(v) - e(v)dx— [o F(t) - vdx
and assume ©"(t — A,,) Sy
| pass to limit in previous ineq. in n
Jo BACY(u() - e(u(£)dx — fiy F(2) - ()b +  Jio(W — O(1))ce <
fQ %(XPAW + (1 — xp)A(t))e(vp) - €(vp) dx — fQ f(t) - vpdx

+ k Jo [(W = O(1))(1 — xp) + Wxp] dx
with v, minimizer of

fQ %(XpAw +(1—xp)A(t))e(v) - e(v)dx—fQ f(t) - vdx
| pass to limit in previous ineq. in p
idem < [, 3Ae(V) - e(V) dx — [, f(t) - Vdx—+
K o [(¥ — ©(6)(1 — 6) + o]
with v minimizer of [, 3Ae(v) - e(v)dx— [ f(t) - vx
| Vv
%fQ A(t)e(u(t)) - e(u(t)dx — [ F(t) - u(t)dx < 5 fQ Ae(v) - e( )dx
— [q F(t) ~vdx+ k [ O(t)0dx



18/ Minimality in the limit — 3

e v.f. of weak mat. is 1 — ©(t) for a solution, and
(1-0)(1—-0(t))+60=1—-0(t)+ O(t)d for a competitor —>
previous condition is equivalent to:
3 Jo Alt)e(u(t)) - e(u(t)dx — o f(t) - u(t)dx+ k [o(1—O(t))dx <
2 Jo Ae(v) - e(v)dx— [o F(t) - vdx + k [o(1 — ©)dx
© v.f. of strong material for A(x) € G(Aw, A(t, x))



19/ Energy balance

e Upper bound on total energy =
T(t) = [q3A(t)e(u(t)) - e(u(t))dx — [o F(t) - u(t)dx + k [o(1 — O(t))dx

< 76—/ /f(a o)dxdo

e Lower bound on the total energy —

T() = T(t) = = Jo(F(¢)) = £(2)) -
+ continuity estimate

J
T() = Jo SAM(u(t)) - e(u(t))dx — o F(2) - u(t)ax + k o1 — ©(t))dx

276—//f o)dxdo
0 JQ

u(t)dx, t' >t



20/ A relaxed evolution
e We have established the following

Thm.: For f e WH(0, T; L2(Q;RY)) there exist u(t) €
H3 (2 RN), ©(t) € L=(Q), A(x,t) € G1_g(x,r)(Aws As), such
that
> Initial time: (u(0), A(0), (1 — ©(0)) minimizes
Jq 3A€(v) - e(v)dx — [, F(0) - vdx + k [o(1 — ©) dx;
» Monotonicity: A( ) and @(t) are decreasing functions of t,
as well as O(t) :=[, O(
» Continuity: v is continuous Wlth values in H&, except at
the (at most countable) discontinuity points of ©;

> One-sided minimality: (u(t), A(t), ©(t)) minimizes

fQ lAI (V)dx_ffz f(t)'VdXika(l_e)dX’
among aII (v 0 < @( ), A'(x, t) € G(AW7A(X7 t));
> Energy balance: T(t) := [, 3A (t)) - e(u(t)) dx —

Jo f(t) - t)dx —|— ka (1-0(t ))dx satlsfles
T(t) fo Jo f( o)dxdo




21/ Optimality of the evolution

In which sense is this relaxed evolution close to that of a putative
classical evolution? .

e Recovery — we are not too low: 3x"(t)  s.t. for the solution
v(t) of pb. with x"(t),

X"(t) = 1 o(t)

X"(8)Aw + (1= X"(£)As = A(t).

t
Indeed, by metrizability, can find x} 7 with

L>® H
Xi(t) = 1 —=07(t), xp(t)Aw + (1 — xg(1))As = A(1).
Then by a diagonalization argument, we can construct x"«(") that
satisfies the statement.

I

Sort of ' — lim sup statement

e Are we too high? Probably. Indeed,....



22/ A different relaxation — 1

e For a sequence of sets D, define G1_o/({Dn}, Aw, As) := { set
of H-lims. of xprAw + (L—xp;)As : D}y D Dy xpy — 1—©'}
I

LOO
t Nl —
Thm.: EID,,(t)/‘{XD"(t) 1-0() H and one-
XDa(t)Aw (1= XD, (1)) As — A(t)

sided minimality holds (v, /(< ©), A’ € G1_e/({Dy}, Aw, As))

e Improved minimality: Take A'(x) € Gy(Aw, A(x, t)); there exists
En s:t. Ay = xg,Au + (1= xg,)A(t) A with xg, = 6.

<& |0C.H—COnV_ — Alh c gl—e(t)+@(t)XEh({Dn}7Aw,As) improgninim_

Jo %A(t)e(u(t)) e(u(t))dx — [o F(t) - u(t)dx <
min, { [ 3A4e(v) - e(v)dx — [o F(t) - vdx + k [g,(1—©)dx}
Uh—0
previous minimality

e But prev. min. = A(t,x)Galie(x,:)(AX,A(s,x)); not this one!
O(x.s)




23/ A different relaxation — 2

e However, if {D,} is such that xp,Aw + (1 — xp,)As A A, then
B € Gi_o({Dn}, Aw, As) for some ©=£ B(x) € Gy(Aw,A) for some 6
e Indeed, for a scalar 2d pb.:

— isotropic material

B/

o|o|@|0
o|o|o|o
o(o|jo|o
®|0|0|0

o|0|0|0
o|o|Oo|0O

aa

periodic set D, B

gl

——— Glaf

—> material on
boundary of Gig)
periodic set E,, D D, a lamination G—CIOSU re B [

elgeleinel
a1 el el e
a1 el el e
elieieliel
elgeliellel
elgelieitel

But:

a  F B a

e Proof of existence of relaxed evol. very similar to that of previous
theorem: replace relaxation by sequences of near minimizers,-.....



24/ Final remarks

e Can be shown that any evolution where global minimality is
replaced by a decent notion of local minimality = local
minimizers are also global minimizers.

e No possibility of total brutal damage, i.e., A, = 0.
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